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Bonpoc 1.
OcCHOBHbIE NOHATUA

B 06a1acTu npnbamKeHna GyHKLMUM



IloHsATHE O NPUONMKEHUH (PYHKIIMI

1. IlocranoBka 3aaauu. [lycth BeuumHa Yy siBisiercsd (PyHKIMEH apry-
MEHTa . DTO O3HAYaeT, YyTo JIOOOMY 3HAYCHUID = M3 00JacTu ONpe/c/ICHUS
[I0OCTABJIEHO B COOTBETCTBUE 3HAYeHUE U . BMectTe ¢ TeM Ha [PAKTUKE 4acTo
HEWU3BECTHA SIBHAS CBSA3b MEKIY Y U &', T. €. HEBO3MOKHO 3aI1McaTh dTY CBI3b B
BUJIE HEKOTOPOH 3aBucumoctu y = f(x). MHorja jaxe u3BecTHas 3aBUCUMOCTD
y = f(x) oxa3pIBacTCsi HACTOJIBKO I'POMO3JIKON (HAIIPUMED, COAEPIKUT TPY/IHO
BBIYMCJISIEMbIE BbIPAKEHHsI, CJIOAKHbBIE UHTErPaJibl U T. I1.), YTO €€ UCI10JIb30BaHUE
B IIPAKTUYECKUX pacuyerax Tpedyer CIAMIIKOM MHOT'O BPEMEHU.

Haubosnee pacnpocTpaHeHHBIM M PAKTHYUECKH BAXKHBIM CJIYHYAEeM, KOT/IA BU/1
CBSI3H MEW/Y NapaMeTpaMu & W Y HEW3BECTEH, sIB/ISETCS 3a/jdHue 3TOH CBI3H
B BHJIE HEKOTOPOH Tabimmubl {x;, y; }. DTO O3HAY4ET, YTO JUCKPETHOMY MHO-
JKEeCTBY 3HAYeHHMH apryMenTa {a;} NOCTABIEHO B COOTBETCTBHE MHOMKECTBO
snavenuii pyuxkunn {y; } (i =0,1,....n). Drnsnavenns — b0 pes3yIsTaThl
pacueToB, 1100 IKCNEepUMeHTAIbHBIE JlanHble. Ha npakTtuke nam MoryT nosa-
A00UTLCST 3HAYEHUST BeIMUMHBL i W B JIPYTHX TOUKAX, OTJIMUHBIX OT Y3JI0B &I; .
OAHAKO MOTYYUTD ITH 3HAYEH KT MOKHO JIMIIL TYTEM OUY€Hb CIIOKHBIX PACUETOB
MJIH IPOBEAEHNUEM JOPOTOCTOSHINX YKCIIEPUMEHTOB.




Takum Uﬁp.’:ifﬂ]l’ﬂ, C TOHKH 3pPCHMHA HKOHOMHMH BPEMCHH M CPEACTB MBI TIPH-
XOJHUM K IIE(.‘JGKU,TIH MOCTH HUCITOIL30OBAHHA HMCHYITTHXCH TaOIMYHBIX AdHHBIX JTJT4
I'IpHﬁII HKCHHOTI'O BLIMHUCIICHWA HCKOMOT'O ITAPAMETPd Y TIPH THOOOM 3HAYE HUH (H'.i
IIF:EEL‘JTU]]UF{ Uﬁj’I.’:iCTH) ONPCAC/TAIOLICTO HAPAMETPd L, HTOCKOJILKY TOHUHAA CBASL
Yy = f(i:) HC U3BCCTHA (j'IHGU HdM IIEl.iﬂj’IﬂCUUﬁpEi’.ilIU CH) I'HL'II.:’.*H.‘JBEH"L:CFE}.

DTO LeNu U CNYKUT 3a/1a4a 0 npudmikenun (anuporcumaytit) Pyukimii
nannyio Gyaxiuio  f(z) tpebyercs npuImKeHHO 3aMEeHUTh (anNpOKCUML-

posams) HEKOTOPOH QyHKIHel ¢(x) Tak, 9T00bl OTKIOHEHHE (B HEKOTOPOM
cmbiciie) @(x) or f(x) B 3amannoit obnactn O6bUI0 HanMmeHbM. DyHK-
ust @() npu ITOM HASBIBACTCSI ANNPOKCUMUPYVIOU] €Ll

AI'II'IPUHCHI‘L{EH.{HE PACCMOTPCHHOT'O BLILIC THITA, TTPH I{UTUPUF{ I'IpHﬁJ’IH}I{EIIHE

ACHHC K JID. ”pH MOCTPOCHHUH I"{pHGIIH}I{ﬂHHE Hd HCHPCPBIBHOM MHOMKCCTBE TO-
HEK (IIEiI'IpHMEp, Hel UTpE'.*II{E} AITITPORKCHMALIMA HASLIBACTCH HE‘.FUJEIJ.‘:I!’:?HE’JI} (HIIH
HH.I"I-"i'&‘-:’f?ﬁ’."f.‘a.l’ffﬂ‘f}. K IIEI'IpprIBlIUF{ AHINPOKCHMALIMH OTHOCHTCH, HALIPHUMED, PdB-
HOMEPHOC I'IpHﬁH HARKCHHC.

ﬂ,flﬂ IMPAKTHKH BECbLMd Bd/KCH CJ’I}"‘-]Eiﬁ dHITNPOKCHMAIIHHA II]'}"HHL{HH MHOI'O-
HJICHOM

p(x) = Pn(x) —ap+aix+asx® ... La,z™ (2.1)



2. Toyeunas annpoxkcumauusa. OJHUM U3 OCHOBHBIX TUIIOB TOYEYHOH arl-
[TPOKCUMALIUU ABJIACTCH uHmepnoauposanue. OHO COCTOUT B CIC/YIOMIEM: JUIs
nannoi pyukuun y = f(xz) crpoum unmepnonupyiowyto ¢yuxyuio p(x) (Ha-
[pumep, MHOrouJieH (2.1)), npuHUMAaIOIYIO B 3a/1aHHBIX TOYKAX I; , TE K€ 3HA-
4eHus Y; , 4To ¥ pyukums f(x), 1. e.

olx;) =y, 1=0,1,...,n. (2.2)

[Tpu sTOM npejinonaraercs, 4yTo CpejiM 3HAYEHUM ; HET OJMHAKOBBIX, T. €.
r; # rk npu © # k. Touku T; HA3BIBAIOTCS V3TaMu UHMEPROIAYUU.

Takum obOpazom, 0iiM30CTh UHTEPHIOIUPYIOLIEH PpyHKIMUU (puc. 2.1, crutonl-
Hasi JIMHUS) K 3a)IaHHON (DYHKIIMK COCTOUT B TOM, YTO UX 3HAYEHUS COBIAAIOT
Ha 3a/laHHOM CHCTEME TOYEK.



Uureprionupyiomas QyHKIHs @(2) MOMKET CTPOUTHCS Cpasy JIs BCEro pac-
CMATPUBAECMOTO UHTEPBAJIA U3MEHEHUS X WM OTIAC/IBHO JUIS Pa3HbIX 4acTEH
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Puc.2.1. Mutepnonsauus u annpok-
cumartims

YTOr0 uHTepBasia. B nepsBom ciyuae roso-
PAT 0 210OAILHOU UHMEPNOAYUU, BO BTOPOM
— 0 Kycounou (WIN JOKATbHOU) UHMEPNOL-
yuil.

Kak npaBujio, UHTEPIIOJIUPOBAHUE HC-
[10JIb3yeTCs JI/Ist alNPOKCUMAIIUU (PYHKIMU B
[TPOMEKYTOUHBIX TOYKAX MENK/y KpanHUMMU
y3JaMd UHTEPIOJIALUM, T. €. IIPU Tg < T <
< I,. OQHAKO UHOIJIA OHO IPUMEHSETCS
U JUI TPUOJIHMIKEHHOI'O BbIYUCIICHUS (PYHK-
LIMM BHE paccMarpuBaeMoro orpeska (r <
< xg, T > Ty). D10 NpuUbIMIKEHUE HA3bI-
BAIOT OKCIMPANOIAYUELL.



PaccMOTpuM HMCITONIBL30BAHUE B KA4eCTBE

Gynkunn @(x) muorodnena (2.1), naspiBae-

MOTO UHmMEPROAAYUOHIBIM MHo2ovienoM. Tpu rmodanbnon uurepnoisaunuy, T. €.

MPH NOCTPOEHUH OIHOINO MHOTOWIEHA /I BCET0 PACCMATPHUBAEMOr0 HHTEPBAIA

M3MEHEHUS T, TS HaXOKAeHHs KOYPOUIIHeHTOB MHOTOUYIEHA HeOOXOIUMO HC-

MOJIL30BATL Bee ypaBHenus: cuctemsl (2.2). Jlannas cucrema cogepwut n + 1

yPaBHEHHE, CIIe/IOBATEILHO, € €€ MOMOUILI0 MOKHO OTpe/1euTh 1 + 1 Kodd-

uiment. TTodToMy MakcuManbHas CTeneHb HHTEPHOISIHOHHOTO MHOTOY/IEHA
m = 1., ® MHOTOWIEH NPUHUMAET BU/1

Po(x) =ap+a1x+ ...+ apz"”. (2.3)

Cucrema ypapHenuii (2.2) npu MCNOML30BAHUM B KAUeCTBE \,::(LL) MHOTOUJIE-
Ha (2.3) aBiasercs CUCTEMON JIMHEHHBIX allredpandyecKuXx ypaBHEHMH OTHOCH-

TeJIbHO HeM3BeCTHLIX KOYppulMenToB ag, ay, ..., @, W HUMeeT BU]
ap + aixo + ... + apxry = Yo,
apg + a1y + ... + a,ry = Y,

(2.4)

L] L L] L - L] - L] - L] L - L] - L] - L] L

ap + a1r, + ... + apr, = Yn.



{)I'Ipﬂ,flﬂj'I UTEIb TAKOM CUCTEMBI B JIMHEHHOH Eij'II"EﬁpE HA3LIBACTCAH fJ.F?;JE:”)E_"HH}"?E-
JdemM BE’HH’)E}J.HE’JHF)E?. MoskHO noKa3arTk, 4TO OHPpEAC/IHTCIb BEilI,Tlﬂpl‘l.-iUl{;lEi OTJIHHCEH
OT HYJIA, CCIIN .Lj 75 L HIPH 1 75 k'-.. T. €. CCJIM CPEdn Y3108 HHTCPIOITALINH
HeT coBnagarouinx. CregoBare/ibHO, B YTOM CJIVHAC CHCTCMA (24} MMECT CJIMH-
CTBCHHOC PCHICHHC. Pemms CUCTCEMY {24), MOMKHO TTOCTPOUTL HHTEPITOJIALNOH -
HbIH MHOrowieH. Takoi METOT NMOCTPOCHUA UHTEPITOIAITHOHHOTIO MHOT'OYICHA
HA3LIBACTCH Memaodom HEE’J.F?!JEE’)E_’IEHHHI HE'JTJ{FIJ(},H:‘IH:‘EJ’H?HJG. JaMeTuM BMeCTe C
TEM, HTO HTOT METO Tpﬂﬁ}"t‘,’l’ SHAYUTEIILHOIO 00beMa BBIUMCISHHH, 0COOEHHO
ITpH OOJILLIOM YU V3II0B. C} HICCTBYIOT Doltee MPOCTLIE AITOPHTMBI HTOCTPOC-
HHUA HHTCPIOJTAITHOHHBIX MHOTI'OWICHOB, KOTODLIC ﬁ}",f],}"’l" PACCMOTPCHLI B § 3.

Kak Buaum, NP1 MHTEPHOJTUPOBAHHNH OCHOBHLIM VCJIOBHCM ABIACTCHA 11PO-
XOMJICH MC I"pEHIJ'HHEi lf{li’l"t‘.pl'IUHHp}"l{]lllt‘.ﬁ [I}}’IIHL{HH Hepes JIdHHBLIC SHAHCHHMA
[11}"[IH[1HH B V3/ldX MHTCPIOIALIMN, (),f],li.’:il{[] B PAIC CIIYHACB BLIITOIHEHHEC 2TOIO
VCIOBHA 3dTPYIHUTC/ILHO WITH JIdAC IIE‘.l.{t‘.j'IECL‘JUﬁpEi’.iHU.



Hanpumep, npu OONBLIOM KOIWYECTBE Y3JI0B MHTEPIIOISALMH B ciaydae
100aJILHON MHTEPHOJISIIMA MOJIYYAETCs BICOKAS CTEIeHb MHOTOWIeHa (2.3).
Kpome Toro, Tabnuunbie JaHHbIe MOTJIN OBIThL TOIYYEHBI TYTEM W3MEPEeHUH U
coaepxath omnOku. [locTpoenne annpokeumupyromeil pyHKINN ¢ yCI0BH-
eM 00513aTeIbHOroO NPOXOKIeHNs ee rpaduka yepes 3TH IKCHEePUMEHTaIbHbIe
TOYKH 03Ha4ag10 Obl TIATEILHOE MOBTOPEHHUE JONYINEHHBLIX MPH U3MEPEHUAX
oOOK. BeIXOA U3 3TOro NOJOKEHHUSI MOKET ObITh HAHJAEH BLIDOPOM TAKOH
GyHKIMK, Tpa@UK KOTOPOIT MPOXOAUT OJIM3KO OT JIAHHBIX ToueK (cM. puc. 2.1,
wrpuxosas nunus). Housarue «Omnu3ko» yTouHsAETCsA NPHU paCCMOTPEHUH pas3-
HBIX BUJI0B PHOIMKEHNS.

Oanum U3 TakuX BUIOB SABJISIETCSA CPEOHEKGADPAMUYHOE HPUOIUNCEHUE.
Ecnn npu stom ncnones3yercs muorouien (2.1), to m < n; cayual m =n
COOTBETCTBYET [M00aLHON HHTeprionaunyu. Ha npaktuke craparoTces nojao-
OpaTh anmpoKCUMUPYIOUIYIO (DYHKIIHIO KaK MOKHO OoJjiee NpOCTOro BH/IA,
HarpuMep, Muorounen crenenn m = 1, 2, 3.

Mepotr omrkaonenus Gynkipn () or sagannoil pyukuun f(x) Ha MHO-
kectBe Touek (x;,y;) (¢ = 0,1,...,n) npu cpeaneksaaparnanom npudim-
JKEHUM SIBIISIETCS BeJIMYMHA S, paBHAs CYMMeE KBa/[PATOB PA3ZHOCTEH MEkK/1y
3HAYEHUSIMU ANIPOKCUMUPYIOLIEH W 3aJaHHOH (DYHKUMM B JIAHHBLIX TOYKAX:

S=> [e(x:) -yl

1=0



3. HenpepbiBHas annpoxkcumanus. PaBHoMepHoe npud/amkeHue

Muora, MPH MOCTPOEHUHN NPUOIIHIKEHHS CTa-
BUTCA DoJiee skecTKoe yeinoBue: Tpebyercs, 4ToObl BO BCEX TOUKAX HEKOTOPOro
orpeska |a,b] orkionenune anmpokcuvupytomein Gyukimu @(x) or GyHKinm
f(z) Obuo 10 abComMOTHON BemYnHe MEeHbITUM 331aHHOH Bemunibl £ > (:

f(z) —p(x) <&, a<z<h

B stom ciyuae roopsar, uro Gyukuus p(x) pasnomepuo npubnudicaem (an-
npokcumupyem) Pyukinaio f(x) ¢ TounocTsio £ Ha orpeske |a, b].

[TonsTne pasnomepnoro npulOIMAKEHUsA NpeanoIaracT CpaBHeHUE 3a1aH-
HOH M anmipoKCUMHUAPYIOLIEH (DYHKIINIT Ha HETTPEPbIBHOM MHOKECTBE — OTPe’3-
ke [a,b]. [TosTomy paBHOMEpHOE MPUOIMKEHNE OTHOCUTCS K HEPEPbIBHOIM
AMIpPOKCUMa LM .

Beeiem nousitue adcontomuoco ominonenus A Gynkunn @(x) ot GpyHKinn
f(x) wa orpeske |a,b]. Ouo paBHO MakCUMAaTBLHOMY 3HAYEHUIO AGCOMIOTHOM
BEJTMYMHBI PA3HOCTH MEY HUMH Ha JIAHHOM OTpPE3Ke:

A= max [f(x) - p()

asz<h

: (2.5)

[To anaioruu MOKHO BBECTH IOHATHE CPEIHEeKEadpamudioco OmKioHeH
A=./S/n npu cpeanexsapatnanom npubmmkennn Gyuxkuuid. Ha puc. 2.2
MOKA3aHO NPUHLIUIHAILHOE pa3inune JBYX paccMarpuBaeMbIX NPHOIMKEHUI.



&
=

a O

Puc. 2.2, [lpubnuikenus: cpeHekBagpaTuiHoe (a); papHoOMepHoe (0)



Teopema Beiiepuwumpacca 06 annpokcumauuu

Teopema. Ecwm ¢hyncyus  f(x) nenpepviena na ompeske |a,bl,
mo onsa aovoco € > 0 cywecmeyem mnoeounen P (x) cmenenu m = m(g),
abcortomnoe omkionenue komopoeo om gyukyuu f(x) naompeske |a, b) meno-
uie €.

CyuiecTByeT Takke NOHSATHE nauwiyyueso npumicenus Gyukyuu  f(x)
muorowienom P, (x) ¢ukcnposannoii crenenn m. B srom ciayuae kosdhiu-
UEeHTbI MHOTOWIeHa (2.1) creayer BuIOparh Tak, 4ToObI HA 38ITAHHOM OTPe3-
ke |a,b| Benmmumua abcomorHoro orknonenus (2.5) Obuta MuHEMaIbHOM. Ta-
Koit Muorounnen P, () nasepiBaetest MHocouieHoM HAUAYHULIESO PABGHOMEPHO20
npuaiuicentsi. CylmecTBOBAHUE W €MHCTBEHHOCTH MHOTOUIEHA HAWITYUYIIEro
PABHOMEPHOTO NTPUOITHIKE HIS BLITEKAET W3 CIIeIVIOUIei TeopeMbl.

T eopewma. /Juwodoi hynkyuu f(x), nenpepoisnoti na 3aMKHYmMoMm o2pa-
nuuennon muoxcecmee G, u mobvozo yeroco m = 0 cyigecmeyem mnoco-
uren P, (x) emenenu ne eviue m, adconomnoe omkioHenue KOmopo2o om
gyuryuu f(x) cpedu 6cex MHOOUACH06 CMENENU He Gblle T MUHUMATbLHO,
m. e. A = Apin, npuvem makoi MHOZOYAEH eOUHCIMEEHHBLIL.

— - r = 1



4. Boluuciaenne Mmaorowaenosn. [Ipu annpokenmaiinn (hyHKINI, @ TAKIKE B
HEKOTOPBIX JIPYIUX  3a/7auax M[PHUXOJAWUTCS  BBIYMCISITL  3HAUEHMS MHOTO-
YJICHOB BH/1a

P.(z) =ap+ a1z + asr’ 4+ ...+ a,z"™ (2.6)

Ecnu npoBoauTh BhidUc/ieHHsA «B J100», T. €. HAXO/AUTh 3HAYEHHUS Kai/10T0
YJIeHd U CYMMHPOBATL MX, TO 1IPH OOILIIMX 1 NOTpedyeTCs BLINOJIHUTL 00JIb-
HI0€ YHCII0 Onepalui (n? + n/2 ymuoxenunit u n cnoxennii). Kpome toro,
ITO MOKET MPUBECTH K NMOTEPE TOUHOCTH 34 CHET NOTPeliHocTed OKpyriienus. B
HEKOTOPBLIX YACTHBLIX CIYYAAX VAA€TC BBIPA3UTL KaK/AbIH NMOCIAYIOUINH WieH
yepes3 NpeAbAYIIHE 1 TAKUM 00pa3oM 3HAYUTEILHO COKPATHTL 0ObEeM BbIUHC-
JTIEHUH .

Ananusz muorouena(2.6) B oduiem ciaydae npUBOAAT K TOMY, UTO /111 UCKITHO-
YEHHs BO3BEACHUS T B CTENEHbL B KAK/J10M 4YIeHe MHOTOWIEH Leaeco0dpasHo
epenucaTh B BH/IE

P.(x) =ao+ x(a1 + z(a2 + ... + z(@n-1 +xan)...).

]m[plfiﬂl"l.-{.. C NOMOUIBI) KOTOPOTO) MHOIOYICH THPEACTABIIACTCA B TAKOM BH/IC,
HA3LIBACTCS CXEeMOll J’—E'JIJHEJFJLT. CUUTBETUTB}"l{]llll'{ﬁ CMY dJITOPHTM BBLIMHUCIICHMA

SHAYCHMA MHODIOYIICHA H'.i[]ﬁpii}l'it‘,ll Hd PHC. 2.3, 9T1oT METOT Tpt‘.ﬁ}"t‘,T T YMHOMKE-

HUH 1 1 cinoskennn. Menonbsosanue exembl [ opuepa /171 Boiuuc/ieHus 3Havue HUM
MHOTOYIEHOB HE TOJIBKO YKOHOMMWT MAalllMHHOE BPEMSl, HO H MTOBBILIAET TOUHOCTh
BLIMMCIIEHU I 3a CHET YMEHBIIEHUS NMOTrPeHOCTEN OKPY/IeH M.



Beon n, {ai}, =

P=a,

g 1 orn— 1

no O ¢ marom —1

Brigon P

Puc. 2.5, Cxema | opuepa




Ucnonb3oBanue psiioB

JI1s1 BLIYMCIICHUST 3HAYEHU U (PYyHKLIMI
Ha KOMITBIOTEPE UCTTOJIL3Y KOTCS Pa3JI0/KE HUS I TUX
(¢yukumnii B crenenubie psijibl. Hanpumep, dynk-
LMsT SIN & BBIYUCIISIETCS C TOMOLIBLIO Psijia

Sln1—1—£+£—£+ (2.7)

3! 5! 7/ S -
[Ipy um3BecTHOM 3HAYEHMM aprymeHra & 3Ha-
yeHue (PYHKUMH MOKeT ObIThb MOJIYYEHO C
TOYHOCTBIO J10 MOrpetHocTer okpyrienus. Komiam-
4YECTBO MCIOJIbL3YEMbIX WJIEHOB psja (2.7) 3aBu-

CUT OT 3HAYUCHHA aprymMcHrTa.

S mpe1oTBpalieH| ST BIIUSAH WS MOTPELIHOCTEH OKPY IJIEHHS
HeoOX0IMMO BBITIOJIHEHHE HepaseneTBa |x| < 1.



C MOMOLIBIO CTENEHHBIX PSII0B BLIYUCIAIOTC 3HAYEHUS W JIPYTHX dJIeMeH-
TapHbIX (pyHkuuil. B wactHocTH, A5 BhIUMCIeHUs 3HadeHuil (yHKINN COS T
MOJKHO MCTOIB30BATEL psijl (2.7) ¢ ydeToM COOTHOLIEHUs cosx=sin (7m/2 4+ &),
a4 MOKHO M HENOCPEJCTBEHHO BOCMONBL30BATLCS Pa3lokKeHUeM B Psa (PYHK-
LIMN COS T :

2 4 6
£ £ I
& — — — .d-}
cosxt =1 — ol +—4! A + ... (2.8)

]"1HI’IEpﬁUIIH'—]ECHHE CHHYC M KOCHHYC MOKHO BLIMHCIWTL C© ITOMOIIBLHO)
PA3TOKCHWA B P OKCHOHCHTLI e’ » HOCKOJILKY

she = (e* —e *)/2, chx=(e"+¢e7)/2.

MoskHO TakKe BOCHOIL30OBATLCS PA3TOKCHHCEM B PAI CAMHX [1}}’IIEI.{HF{ Sh;ﬂ

1 Ch.L TEiE.. [MPpH BLIMHCICHH N Sh.'_E JUIA &L = 0B LHCTAN TIPEIOTBPAUICHMA 110-

TEPH TOHHOCTH M3-3d4 BLIHWUTAHWA OJIM3KHUX BEJIMYMH TTOJIE3HO UCTTOIbL30BATE P
3 5 i

L £ £

sho =x+ 3] Jrﬁqtﬁ



Mmnozounen Yeovimesa  OpHUM U3 CIIOCOOOB COBEPIICHCTBO-
BaHHUsl aJIroOpyuTMa BBIYHCICHUH, [103BOJISIOIIUX

00Jiee paBHOMEPHO pacripe/ie/iuTh MOrPenHOCTb
10 BCEMY MHTEPBAIY, ABJISCTCH MUCIIOJIL30BAHUE
MHOTo4IeHOB HeOnliena.

Mnocounen Yeovuuesa 1, (:1?) CTEIICHU 71 OIl-
pejessercs ciejiyroiie (popMyou:

T(@) = 3 [(+ V= 22" +
b (o — VI B,

—1<z<1, n=0.1,... (2.9)

Jlerko nokazarb, 4yTo (2.9) Ha camMom jeie sB-
JIIETC MHOTOWIECHOM. JlencTBUTEIILHO, [TPU BO3-
BEJACHUM JIBYUYJICHOB B CTEINECHb 7. BbIPAXKECHMUS

V1 — 22 GyayT BO3BEJACHBI B YETHLIC M HEUCTHHIC CTEMCHH. DTH BbIpaKe-
HUSl B YCTHBIX CTCNCHAX CTAHYT PallMOHAILHBIMH, a B KaX/J0H M3 HCUCTHbIX
cTeneHel oHu Oy1yT NPUCYTCTBOBATH JIBAXK /bl ¢ KOA(DPULIMEHTaMH TPOTUBO-
MOJIOYKHBIX 3HAKOB, BCJIEJACTBHE YETrO B3AaMMHO YHUUYTOXKATCS.

IlpuBenem MHorowieHbl YeOsblieBa, MojydyeHHble 110 (opmyne (2.9)

npu n=0,1,2,3 (puc. 2.5):



Puc. 2.5. Muaorouneubl HeObI-
IHII1eBA



Hynu (kopru) muoeounenos Heoviuesa na orpeske |—1, 1| onpenensiores
popmyoit
2k —1
o
OHU pacrioyokKeHbl HEPABHOMEPHO HA OTPE3KE M CrYHIAIOTCS K €r0 KOHIIAM.
Boiuucisist akcTpemyMbl MHOTOUIeHa YeOblieBa 1o oOblMHBIM TpaBuiiam (c
[TOMOIIILIO TIPOU3BO/IHBIX ), MOKHO HAUTH €r0 MAKCUMYMbl H MUHUMYMbI:

xp =cos(km/n), k=1,2,....n—1.

2} = COS E=1,2.....n.

B 71X TOYKax MHOTOYIICH MPUHMMAET noovuepenHo 3uadenus 1, (ry) = =£1,
T. €. BCE MAaKCUMyMbl paBHbl 1, a MuHumyMmbl paBubl —1 . Ha rpanuiax orpeska
3HAYEHUsI MHOTOUWIeHOB YeObiiea paBubl =1 .
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Puc. 2.6. llorpemHocts annpokcu-
Mauun pyHkuun y = sin (wx/2)
C NOMOUIBH pagoe Tekhnopa u He-
OBIIIEBA € YHETOM HICHOB /10 z
BKJTFOUHTEIILHO

B wactnocTn, npu Mcnonb30BaHHH MHOIOYICHOB
HeOpimesa 10 ceAbMOH CTENEHH BKIIOYHUTENBLHO (T, €. MPH UCITONb30BAHUH

YETBIPEX HEHYIEBBIX 4WICHOB (2.14) ) morpemHocTb HAXOAWUTCSE B MHTEp-
Base (—5.9 =+ 5.9) - 107", Jlns cpaBHeHMs] HATOMHHM, 4TO [PH MCIOJIL30BA-
HUM YeThIpeX 4JIeHOB psiaa Teimopa norpenocTs /U ITOH 3a71a491 Ha KOHIIAX
oTtpeska coctasnser +1.6 - 1072,




3. Pauunonanbubie npudaukenus. PaccMoTpum JIipyrou Buj1 arnmnpoKCH-
Maiuu (PYHKIUH —— ¢ MOMOII[BIO JIPOOHO-PaAIIMOHAILHOIO BhIpakeHUs. DyHK-
[IUIO MPEJICTABUM B BUJI€ OTHOIICHUS JIBYX MHOTOYJICHOB HEKOTOPOU CTEIICHMU.
[lycTh, HaripuMep, 3TO Oy/1yT MHOIOYJICHbI TPETHEH CTEINEHU, T. €. Mpe/cTa-
BUM (PyHKIMIO f(2) B BU/EC IPOOHO-PALIMOHAIIBHOTO BBIPAKCHMUSI

. il P
f(&?) _ bo + bix + box* + b3x | (2.24)

l +cix + cox? + 323

3HaueHue cBOOO/IHOIO YJeHa B 3HAMEHaTelie ¢y = | He HapyuiaeT O0UIHOCTH
YTOTO BbIPAKECHHUS, MOCKOJIBKY TPU ¢ # 1 4yucauTe/lb U 3HAMEHATEIL MOK-
HO pazaenuTh Ha cg. Ecim ke cg =0, to f(x) Oyaer umerbh 0COOCHHOCTE
npu x = 0. Takyro annpokcumalivo paccMaTpuBarh HE Oy/IeM.



[Tepenuuiem Boipaxkenuc (2.24) B BUJIC
bo + b1z + box? + bsx® = (1 + c1z + cqz” + CgIg)f(I).
Hcnonb3yst pasnokenue Gyuxunun f(x) B psin Teitnopa
f(x) =ap+ a1z + asr’ + ... (2.25)
M YUUTBLIBAs YJICHBI 40 ICCTON CTCIICHN BKIIOYUTEIIBHO, MOy4acM
bo + b1z + boz?® + bax® = (1 + c17 + coz” + c32°) ¥
X (ag + a1 + agr® + asz® + agx* + asz® + agx®).
[IpeoOpasyem npaBylo 4acTh, STOTO PABCHCTBA, 3aMUCAB €C PA3JIOKCHUE T10
CTCIECHAM I
bo + b1z + box? + bax® = ag + x(ay + apey) + 2%(az + ajey + agez) +
+ 2°(ag + ascy + arcy + ages) + x*(ag + agey + ages + ajes) +

5 6
+ 2°(as 4+ agc1 + azeg + azes) + x°(ag + aser + agca + ases).



[IpupasuuBas KOYP(PUUHUEHTHI MPU OJMHAKOBBLIX CTCIECHAX & B JICBOM U
MpaBOM YacTsiX, M0Jy4acM CIACAYIOULYO CUCTEMY YPaBHEHUN:

bo = aop.

b1 = ay + agey,

bo = ag + a1c1 + aoca,

bs = as + ascy + aico + aocs, (2.26)
0 = a4 + azcy + ascyg + aqcs,

0 = ag + aqcq + azcg + ages.

0= ag + ascy + aycy + ascs.

PemB a1y cucremy, Haijiem koddduimentsl by, by, bo, b3, c¢1, co, c3
HEOOXOAMMbIC JIJI anrpokcumanum (2.24).



Bonpoc 2
MeToAbl peLwueHUA 3a8au4

MHTEpnonnpoBaHna GyHKUUN



1. Jluneiinan u KBajgparuuHasi uurepnoasiuun. llpocreiimmm 1 yacro
MCIObL3YEMbIM BH/IOM JIOKAJILHOM MHTEPHOSIUNN ABASCTCS Jaunettnas (Min
Kycouno aunetnasn) unmepnoiayus. OHa COCTOUT B TOM, HTO 3a/aHHBLIC TOY-
ku (zi,yi) (2 =0,1,...,n) COCAMHAIOTCS MPIAMOJIMHECHHBIMH OTPE3KAMHU, U
Gynuxums f(x) npubmmkaercs JIOMaHoi ¢ BEPIIMHAMH B JIAHHBIX TOYKAX.

Ypasuenusi Kaxjaoro orpeska jomaHoil B obOmem ciayuae pasubie. Ilo-
CKOJIbKY MMEETCs 1 MHTEpBaJOB (&j—1,x;), TO Ul KaXKJA0TO U3 HUX B Ka-
HECTBE YPABHCHHS HHTEPIOISALMOHHOIO MHOTOWICHA HCMOML3YETCS ypaB-
HECHHUE TMPSIMOH, NpoXojasiel 4depe3 aABe Touku. B uwactnocTu, ans z-ro
MHTEpBAJIa MOKHO HAMMUCATH YPABHEHHE MPSAMOH, MPOXOASAIICH Yepes3 TOUKH
(i—1,Yi—1) ¥ (xi,y;), B BUIE

Y —Yi-1 _ & — Ti—]
Yi —¥Yi-1  Ti — Tij-1

OTrcrona
y=ax+b, =;3<z<Lz (2.28)
Y —Yi g, = )
a; = = = A i = Yi—1 — Q;Ti—1.
L — L1

CnenoBaresibHO, MPH UCMOAB30BAHUN JIMHEHHOM MHTEPIOASIUN  CHa-
yajga HY/KHO OINPEAC/INTL MHTEPBAI, B KOTOPBIH MOMNAaAacT 3HAYCHHUE apry-
MEHTA ', a 3aTeM IMOJACTAaBUTh €ro B (popmyny (2.28) 1 HailTH npuOIHKECHHOE
3HaueHue PyHKIMM B HTOH TOUKE. JlaHHBIH anropuTy npeacTasiacH Ha puc. 2.7.



PEiCCM(}TpHM TCICPb Cﬂ}"‘-]ﬂﬁ HEE’I:’J}JE’H?‘H:"HHH} HHmMePROIAYHH. B kauecTBe
[f'I[ITEpl'IUﬂ}][l[f’I(}[I[I(}f:I {I]}"[I[{[_[HH Hd OTPE3KE [’.{71_1._..'_5?:4_1] MPUHUMACTCA KBd]l-
PATHDBI i TPCXHIICH. Tﬂ[(}"[{} HHTCPITOIALNIO HAZBIBAIOT TAKAC .F?ri?j}ﬁﬁfl’fh"IECK:“J.E‘L

B’TpEiB[IE[IHE KBAJAPATHOTI'O TPEXHJICHA

y=a;z° +bix +c;, w1 <a <4, (2.29)

CO/IEPKUT TPH HeM3BeCcTHBLIX kod(pduumenta a;, b;, c¢;, 11 onpeaeneuus
KOTOPBIX HEOOXOJAMMBI — TPH  ypaBHE-
nust. My caysar yelioBusl NPOXOkKJie-
Beon {x:}, {yi}, « nust napadosisl (2.29) yepes Tpu TOUKH
(Tic1: Y1) (T3 4i), (Tig1,Yig1)- D
VCIIOBUSI MOKHO 3amMcarb B BHJE
i=1+1 a;t7_1+ by + ¢ =yi_1.

a;ix: +bixi 4+ ci=yi (2.30)
10 T < Ti ﬂiiﬂfﬂ + biriv1 + ¢i=Yit1.

g Yi Uit Ecnun  oTBiaeubcsi OT  TOro, HTO

L; — Ti_1 OTPE30K  [X;—1,T;+1]| sABASETCH MOM-

b=vy;, 1 —ari 1,y=axr+b MHOKECTBOM OTpe3Ka [xq, .|, n pac-

CMOTPETbL €ro OT/JIeJILHO, TO KBajapa-

Berzon y TUUHYIO uHTeproasunio (2.29) moxno

TPAKTOBATL KAK 11odanbuyio ¢ n = 2, a

Puc. 2.7. Anroputv muHEHHON HHTEP-  cpetemy (2.30) — Kak 4acTHBIH cy4aii
TOIATHH cuctemnl (2.4).




2. Muorouaen Jlarpanska. Ilepeiijiem k ciydaro miod0ajibHOW UHTEPIO-
JILUN, T. €. K TIOCTPOCHUIO UHTEPIOJAAIIMOHHOTO MHOIOUJIEHA, SAUHOTO I
BCCIO OTpe3Ka |xp, Tyl Kak yxe ormeuanocs B § 1, /Uist IOCTPOCHHUS TAKOTO
MHOTOYJICHA JJOCTATOYHO PEUIUThL cuctemMy (2.4), 0JHaKO ATOT 1yTh HEedPPeK-
TUBCH.

byjem uckarb UHTEPIOJSAIIMOHHBIM MHOTOYJICH B BUJIC JIMHECHHOW KOMOMU-
HallM¥M MHOTOYJICHOB CTCIICHU 7 :

L(x) = yolo(z) + y1li(z) + ... + ynln(x). (2.31)

[Tpu >TOM 1orpedyem, 4TOObI KayK/blii MHOTOWIEH [;(x) oDOpaluajics B HYJIb
BO BCEX y3JIaX MHTEPHOISAIUU, 32 UCKITFOUECHUEM OTHOTO (2 -10), TJIe OH J10J1-
KCH paBHATHCS ¢/MHUIEC. JICIKO NMPOBEPUTH, YTO ATUM YCIOBUSIM npu ¢ = (
OTBEYAECT MHOTOYJICH BU/1a

lo(x) = (x —x1)(x —29) ... (. — )
o (ir'[l_4171)(;'1’-[]_;1?2)...(:1?0—;11”)'

(2.32)



Jeiictsutensuo, lo(xg) = 1. llpu © = x1, x2, ..., &, UUCIHTEID
Boipaxenus (2.32) obpawaercs B Hynb. [lo ananorun ¢ (2.32) nonyuum

r) — (x —xo)(x —3) ... (& — &p)
Il( ) (171 —;ED}('»H —1?2}--*(1"1 _I”) j

lo(x) = (z —xo)(z — 1 )(x —x3) ... (T — zp)

(£9 — xo)(xe — x1) (w2 — x3) ... (T3 — Ip)’
(2.33)
() — (z —xg) ... (0 —x;— 1)(¢—m1+1] N —x,
R Py B P ) (o)

) = (I_ID)(I—;El)“*(LE—;{?n_1)
In( ) (LETL_LED)(;EH _1'.1)“'("5'-'1_;5“_1} .

[Toactasnas B (2.31) Beipaxenus (2.32), (2.33), naxoaum

Zyz (r —xg)...(r —xi—1)(x —xigq) ... (T — p) (0.34)

(z; —&D} Nz —wi ) (wy — wjaq) oo (w0 — @)

DTa (i](}pM}"ﬂﬂ OIPCAcIsCT H.I’H??EIJ.F?E’J_’LFH;‘H:"Jf!'.l’f.‘:f.!"f MHO20HAEH JT(I:“IJG.HJHC[T.



CyecTByeT HECKOILKO 0000IEHU N HHTEPIOJISILIMOHHOTO MHOTOWIeHa Jla-
rpamka. Hanpumep, 10BOJBHO HIHPOKO UCIIONBLIYIOTCS UHMEPROIAYUOHHBIE
MHO2OUAeHbl Ipyuuma. 31ech HAPSAY cO 3HadeHusMu (PYHKIUN ¥; B y3I1axX I;
34/1a10TCS1 3HAYCHUS €€ TPOU3BOAHON y;. Jamaua cOCTOUT B TOM, 4TOOBI HAll-
TH MHOrousieH @(x) crenenn 2n + 1, 3HaueHust KOTOPOro M 3HAYCHUS €r0
NPOU3BOJAHON B Y3JaX &; V/JIOBIETBOPAIOT COOTBETCTBEHHO COOTHOIICHUSM

L) — Ay — a4 — ,
{P(ii)—yiq "f?(i’t)_yir ?'_U‘.']-r***‘.ln"
B sTrom CIAVHAC TAKYC CYHICCTBYCT CAHMHCTBECHHOC PCLICHHC, CCITH BCC [I; Pds-
JIHMHHLEI.



3. Muorounen Hwrorona. /lo cux nop He aenanoch HUKAKHUX NPEANono-
JKEHUH 0 3aKOHE pacrnpeelie s y3J10B HHTeprnonsaiuui. Tenepb paccMOTpUM
clIyuail paBHOOTCTOSIINX 3HAYEHUIT aprymenTa, T. €. &; — &;—1 = h = const
(i=1. 2,..., n). Bernuuna h nasniBaercs wazom.

Beeaem taxike nouatue koneynblx pasznocmett. 11ycTs N3BECTHLI 3HAYCH HS
dbynkumm B y3nax x; : y; = f(x;). CocraBum paznoctu 3Hadennii QyHnkimm:

Ayo =y1 —yo = f(wo+ h) — f(w0),
:ﬁyl =y2—y1 = f(»m +2h} — f(xo + h),

ﬂ-y:rz—l — UYn — Yn—1 — (v{fﬂ' —|_ Hh) f(‘Lﬂ —|— (Tl o 1)h)

ITH 3HAYCHU S HASBIBAIOTCS HEPSLIMU PAZHOCMAMU (U PA3HOCHIAMU HEPEO2O
nopsadka) pyHKImm.
MoKHO cOCTaBUTBL emopsle paznocmu (PYHKITNK:

2. _ 2. _
A%yo = Ayp — Ayo, A%y = Ays — Ay,
AHANTOrMuHO COCTABISIIOTC S pdasHocmu f?:"}j}}.ff’}!{ff IE’L

AFy, = &k_lyt-ﬂ — Ay i=0,1,...,n— 1.



Koneunbie PA3HOCTH MOKHO BLIPDASHTDL HCITOCPCACTBCHHO HCPC3 SHAYCH A

dhvakuun. Hanpumep,
A?yg = Ay — Ayo = (y2 —y1) — (y1 — %) = y2 — 21 + Yo,
Ayg = A%y — APyg = ... = y3 — 3y2 + 3y1 — ¥o.

AHATOrM4HoO JITH JTH00T0 k MOYHO HAITHCAT b
k(k—1)
!

Yk —2 T e T (—1)ky{]

Aryo = yp — kyp_1 +

1y QopMyITy MOKHO 3allUCaTh U U 3HAYCHUS PA3HOCTH B y3I1€ &I

, k(k—1 !
ﬂkyi — Yk+i — kyk+i—1 ~+ ( o1 ) Ykti—2 + ... T (—1)I‘y1‘-
HMc MOJIL3VH KOHCHHBIC PASHOCTH, MOYKHO OIIPCIACIHTL YL -
k(k—1)

Yk = Yo + kAyo + Alyo + ...+ Aly,.

2!



[lepeitiem K MOCTPOEHHIO MHTEPNOIAIMOHHOTO MHOTO4YJIeHa Hbrotona.
DTOT MHOTOUJIEH Oy/1eM MCKATh B CIICIVIOLIEM BH/IE:

N(x) =ao+ ai1(x — xp) + az(x — xo)(x — x1) + . ..
coitan(z —z0)(x —21) .. (T — Tp—1). (2.37)
[paduk mMHOTOUIEHA JIOJKEH MPOXOAUTHL Yepes 3a/aHHbIe V3JIbl, T. €.
N(x;) =y; (i = 0,1,...,n). DTH yCIOBHS HUCIIOJBL3YEM UI HAXOMKICHHMS
KO PULIMEHTOB MHOTOUIEHA:
N (zg) = ao = yo,
N(z1) = ao + a1(x1 — xo) = ap + a1h = y1,
N (x2) = ap + a1(x2 — xo) + az(r2 — xo) (w2 — x1) =
= ap + 2a1h + 2a2h* = ys,

Haitnem orciona koadduumenTol ag, aq ., as:

_ _y1—ag_y1—yu_&yg

0y — Y2~ 00 — 2a1h  yo —yo —2Ays A%y
°T 2h? - e T oR2




AHaTOrMuHO MOKHO HaiiTh 1 apyrue kodgdunmnenter. O0was popmyna nmeer
BI 1

E=0.1,...,n.

[ToncTasnsst i Beipaskenus B dopmyiy (2.37), noayuaeM cleayionmii
BUJ UHMEPROIAYUOHNO20 MHo2owrena Huiomona:

; Ayp &QQ’D
J\(;{:):yg+T($—;§g)+m($—$g)(;ﬁ—;§1)—i—...
&n
1...—I__yrﬂ(w_;{:l:})(;{:_wl)...(;ﬁ_;{:?l—l). (2-38}

n! hn
Koneunsle pasnoctu &kyg MOTYT OBIThH BEIUMCIIEHBI 1O popmyiie (2.36).

@opmyny (2.38) gacTo 3anMCcLIBAIOT B ApyroM Bujae. s 9Toro BBoanTCs
nepemennas t = (x — xp)/h; Torna
r—ax1 T —x0—h

T = xg + th, — = 7 =t -1,
%zt—?, . %ﬂﬁ—?wl.
C yaeToMm 3Tux cooTHOmeHuii popmyiy (2.38) MOKHO repernucarsb B BUJIE
N(z) = N(xg+th) =yo +tAye + f:(t?;ll} Ayy+ ...
L tt—1)...(t—n+1) Ay, (2.39)

n!
[Tony4uennoe BoIpaKe HUE HA3LIBACTCS NEPEbIM UHIMEPROIAYUOHHBIM MHO20-
urenom Heiomona oast unmepnonuposans 6nepeo. -



e

[TonyuenHOe BoIPaX)KeHUE HABBIBACTCS HEPELIM UHIMEPNOIAYUOHHBIM MHO20-
urenov Hotomona ons unmepnoauposanus eneped. OHO MOKET arlpOKCHMHE-
poBarh Aannyio Gyukimio y = f(x) na BceM OTpe3ke M3IMEHCHUS apryMeH-
Ta [xg, Ly). ONHAKO ¢ TOYKHU 3pEHUSI MTOBBILICHUS] TOYHOCTH PACUETOB (IyTEM
YMEHBILIEHUS [TOTPEInHocTell OKpymienus) Gomee menecoodpasHo UCrnoib30-
Bath (2.39) /uis BuIuMcIeHNS 3HauCHUE (PYHKUIHN B TOYKAX JICBOH MOJIOBHHI
paccMarprBAEMOr0o OTPE3KA.

Jliist paBoii MONOBUHBI OTPE3KA [T, Lyn| PAZHOCTH JIYUIIE BBIUNCISTEH
cripaBa HajeBo. B otom ciyuae t = (v — @y, )/h, 1. e. t < 0, u nnreprno-
JSIMOHHBI MHOTOWIeH HBIOTOHA MOKHO TOJIYUYHUTE B BUJIC

i i tit+1
N(e) = Nl +th) = g+t Ay + S D A2y,
t(t+1)...(t — 1
Lot n(, =D Ay, (2.40)

1_[(}.}"]}"'-]&3[1[1{:15] {i]()pM}"ﬂEi HASBIBACTCH 6/MOPLIM  HHIMEPHOAAWHOHHBIM  MHO20) -
wirenov Heiomona oas HHMEPROJAUP OGANHA Ha3ao.



4. Tounocrbs uHTEepnoAsiuuu. ['pahuk MHTEPNIOISAIUMOHHOIO MHOIOYJICHA
y= () npoxoauT uepes 3ajaHHbIC TOYKH, T. €. 3HAUCHUSI MHOTOYICHA U JIaH-
Hoit pynkiun y = f(x) cosmanaror B y3nax r=ux; (1 = 0.1,...,n). Ecian
byukums f(xr) cama sSBASETCS MHOTOWICHOM CTEIEHHM 72, TO MUMCET MECTO
TokaecTBo f(x) = p(x). B obuiem ciryyac B ToYKaxX, OTIMYHBIX OT Y3JI0B
nurepnonsinuu, R(x) = f(x) — ¢(x) # 0. DTa pa3HocTh €CTh MOrPeHIHOCTh
WHTEPIIOJISAIAN U HA3BIBACTCS OCMAMOYHBIM 4JIEHOM UHMEPNOTAYUOHHOU (Hop-
myaet. OLICHUM €0 3HAYCHUC.

[Tpe/irnonoKuM, 4To 3a1aHHBIC YNCIIA 1Y; ABJISIOTCS 3HAYCHUSAMU HEKOTOPOT
byukumu y = f(r) B Toukax x = x;. [lycTh »Ta PyHKIMS HENnpepbiBHA W
MMEET HEMPEPBIBHBIC MPOU3BOIHBIC /10 (72 + 1) — T0 Mopsi/ika BKIFOYUTEILHO.
MOHO 1M0Ka3aTh, 4TO B ATOM CJIy4ac OCTATOYHBIA YWICH HHTCPIOJISIIUOHHOTO

MHOI'OYJICHA HHFPHH}I{H MMCCT BU]JT

Ry(r) = &= &TO)(J;(; H) N = n) st ) 241)



3necs f(TH) () npousBojHas (n + 1) — ro nopsijika Gpyukuuu f(x)
B HCKOTOPOU TOUKE T = Ty, Tx € |Tg,Ty|. Eciin MakcumanbHoe 3HAYCHUEC
ITOU MPOU3BOIHOU PABHO

max [ f"F (2)| = My
Lo “-{-..m“-{-..mﬂ

TO MOYKHO 3arucath (OpmMyIly st OLIEHKH OCTATOYHOTO YJIeHA!

wp ()
Ro(a) < 2 ap
‘ L(q’)‘ X ('ﬂ-—l—l)! n+1;
e pyHKIus wy, () onpeencHa Kak
wn(x) = (x —20)(x — 1) ... (T — ). (2.42)

[Tpoanayin3upoBas MoBejcHUE PYHKIHUU Wy (), MOIKHO C/IeJIaTh BLIBOJ O
TOM, YTO MOIPEHIHOCTh UHTEpHoNsAMu Ry (x) B cpenem OyIeT TEM BhIIIIE,
yeM OJIMDKE TOUKA - JICKUT K KOHIIAM OTpe3Ka |Xg, L, | . Eciin ke ucnomnn3zosars
MHTEPIOISIIMOHHBIA MHOTOYJICH JUIS alllPOKCUMAIMK (DYHKIIMA BHE OTPE3-
Ka g, Ty (DKCTpAMOSIIus), TO MOTPEHIHOCTH BO3PACTET CYIICCTBCHHO.



Buj ocratoyHoro uiaeHa UHTEPHOJAIMOHHOIO MHOrodsjaeHa HerooTtoHa B
cllyyae paBHOOTCTOSIIUX Y3/JI0B MOMKHO JITKO MOAYUUTh U3 (2.41):

o tHt=1)...(t—n) xr — To
fin(z) = (n+1)! h

Ecnn npeanonoxkuts, uro paznocts ATy, nocrosinna, To MOKHO 3arm-

carh CJCAYIOUYIO (POpMYyTy OCTATOYHOIO YJIEHA TEPBOIO MHTEPIOISIIUOH-
HOT'O MHOTOWIeHa HeroTona:

f[”H)(;U*)h”H, t =




5. Cnunannel. Celyac HIMPOKOE PACHpOCTPAHEHUE U MHTEPIIOISALIHN

NOAYUYWUIO HCHOOIL30BAHME KyOHMUYEeCKHX
CRAAUH-OYVHKY U — CTIRIIHATLHBIM 00pa3oM
NOCTPOECHHBIX MHOTOYJICHOB TPEThEH CTe-
nenr. OHu npeacTaBisaoT coDOH HEKOTO-
PYIO MaTeMaTH4YecKyl) MOJAelb THOKOTO
TOHKOI'O CTEPKHS U3 YIIPYIrOoro marepuand.
Ecnn sakpenutb ero B JIBYX COCEJIHHUX V3-
J1IaX MHTEPHOISIIUN € 3a/IJaHHBIMH  YITIAMH
HaKJIoHOB « u (3 (puc. 2.8), TO MeKIy
TOUYKAMHM 3aKPEIICHNS ITOT CTEPKEHD (Me-
XAHUYECKUH CIUIaliH) NPUMET HEKOTOPYIO

»
P

Puc. 2.8, Mexanudueckui criyiaiy

{i](}pM}"._ MHUHHUMHASHPYVIOIYH €TI0 NOTCHIHAJILBHYI) SHCPIHIO.



[Tycts ¢opma storo crepuxis onpenensercs gynkipeit y = S(x). U3
Kypca COMNPOTHUBICHUS MATEPHATIOB M3BECTHO, UYTO YpaBHEHUE CBOOOIHOIO
pPaBHOBECHS UMEET B/ SW(-J_:} =0. OTrcrona cneayeT, 4To MekK/1y KakKI0H ma-
poii coceanux y310B unTeprossiinn Gyukiuus S(x) sBisercs MHOTOUICHOM
CTENEeHN HEe BbILIE TPEThLEe. 3anniiemM ee B BUJIe

S(J:) — SE(LL] = a; + bi(;[: — 1?1'—1) + Ci(;ﬂ — ;[:1'_1)2 —+

+d;(x — r;_1)?, xi <z <y

JUtst onpeieniennst kodpGuumuentos a;, b;, ¢;, d; na Bcex n siemenTtap-
HBIX OTPE3Kax HeOOXOAUMO ONyUUTh 4n ypaBHenuil. HacTh U3 HUX BLITEKACT
13 yeaoBuil npoxoskaenus rpaduka pyukunn S(x) uepes 3ajaHnble TOUKH,
T.e. Si(wi—1) = yi—1, Si(x;) = y; . DT ycI0BUS MOKHO 3aMMHCATL B BU/IE

Si(ri—1) = a; = yi—1, (2.44)
_ 2 3 _ =
Si(z;) = a; + bih + ¢;h” + d;h” = y;, (2.45)

hi:-'l?i—’ifi—lg 1':1,2,...,?1.



Jra cucTeMa coAepKUT 2n ypasuenuii. Jlns nmonyueHus He10CTAIOIINX YVPAB-
HEHHH 3a/1a/IMM YCIIOBHS HEMPEPLIBHOCTH NEPBBLIX H BTOPLIX MPOU3BOIHLIX BO
BHYTPEHHMX Y3J1aX HHTEPIOIALNHN, T. €. VCI0BUS [T1aKOCTH BTOPOro NopsaKa
KPUBOI BO BCEX TOUKAX:

Si(r;) =Sy (x;), S'(x;) =98 (z;), i=12,....n—1. (2.46)
Beraucnum npoussojanbie MmuorodsieHa (2.43):

S:(J_T} = b; + 2131'(;{: — ’.L'I'_1) + 3d; (;L‘ — 151'_1)2,

y (2.47)
Si (L) = 2¢; + 60{1'(;5 — :L'z'_l).
[Toncrasnsas »tu Boipaenus B (2.46), nonydaem 2n — 2 yvpaBHenuii
bi—|—1 — bi -+ th-ﬂt‘ -+ Shfdv (248)
Cit+1 — G -+ 3hidi1 (24{))

i=1,2,....n—1.



M3 yenoBuli HenpepbIBHOCTH TPOU3BOAHBIX B TOUKE &, CIEAYET, YTO
_ 2 _
bpy1 = b, 4+ 2h,c, +3hid,, cp11 = cn + 3h,d,.

Takum obpaszom, coornoutenus (2.48), (2.49) MmokHO paccmarpuBarh U J1da-
Ma3oHa HHICKCOB

i=1,2,....n. (2.50)

Cuctema (2.44), (2.45), (2.48), (2.49) ¢ yuetom (2.50) conepxur 4n+2
HEU3BECTHLIX M 4n ypaBHEHHI W MOKET ObITh JIOTIOJIHEHA, HATIPUMED, clle-
AVIOUIUMH YCIOBUSIMHA 3aKPEIUIeHUS] KOHIIOB CIUTaiHa:

S'(zo) =br =k1, S'(xn) =bpy1 = ko (2.51)
1IN
S”(:{:g) — 2¢1 = mq, 5”(1:?1) = 2¢p41 = Mo, (2.52)
rne ky. ko, my. mo — 3a/1aHHbIC YUCA.

B wacrHocTH, npu 3ananibiX yviiax Hakiona o u 3 (em. puc. 2.8)
k1 = g o, ko = tg,ﬁ.

[Ipu cBODOAHOM 3aKpenjieHHH KOHLIOB MOKHO NPHPABHATL HYIIIO KPUBU3HY
AUHUK B TouKax zakperyienud. [lonyuaemas takum o0pazom (hyHKLINS HA3LI-
BACTCSl CE000ONHBIM Kyouyeckum chraunom. V3 yelioBus HyneBOH KPHUBH3HDI
Ha KOHLAX CIIEAYIOT paBEHCTBA HYIIO BTOPLIX MPOU3BOJIHLIX B 3THUX TOYKAX,
Otcrona

my1 = mo = 0.



OaHaKo ¢ Helbi YKOHOMUH MAMATH KOMIIBIOTEPA U MALLIMHHOIO BPEMEHH
ITY CUCTEMY MOKHO NpuBecTH K Oosee yinoOnomy suay. M3 yenosus (2.44)
cpasy MOKHO Haiitu Bee kodddunumnentor a; . Jlanee, n3 (2.49) nonyunm

Cit1 — G

- — v _;j —y

d; = TR i=1.2,....n. (2.53)
i

[ToncTaBum 9T COOTHOIIEHMS, 4 TAKKE 3HAYeHUsA a; = ;1 B (2.45) 1 naii-

IeM OTCI0/1a KOYPPUITMEeH Tl

.+ h
b; = Ji hyz L 31 (Ci_|_1 -+ 2-‘_’:?;), e=1,2,...,n. (2.54)

YuurbiBas Beipamenns (2.53) u (2.54), uckinrouaem u3 ypasuenus (2.48) ko-
ypdbupentsl d; v b; . OKOHYATENBLHO MOTYYUM CIISAYIOUIVIO CUCTEMY VPaB-
HEHHUIH TOJLKO /U1 KOYDDUIIMCHTOB ¢; :

Yi — Yi—1 B Yi—1 — Yi—2

hi—1ci—1 + 2(hi—1 + hi)e; + hicipq =

hi hi—y (2.55)
1=2,3,...,n;
— h n -~ dn— hﬂ 5
ylfnyﬂ N 31 (€2 + 2¢c1) = k1, - hy -+ 3 (2ent1+cn)=hz (2.56)



Marpuua cuctembl (2.55) TpexauaroHanabHas, T. €. HEHYJIEBbIC WIEMEHTDI
HAXO/ISITCS JIMIIL HAa TABHOM M JIBYX COCEAHHUX C HEH JIMaroHansx, pacro-
JTOKEHHBIX CBEPXY M cHU3y. s ee pemenus nenecooOpa3zHo UCnoib30BaTh
METO/1 porouku (cm. mwi. 4). o naitgenubiM 13 cuctemsl (2.55), (2.56) unu
(2.57) xoadunpentam ¢; nerko BeraucanTh kodhduimentel d;, b; .

3amMeTuM, uTo KyOndeckas cruain-QyHKINus, VIOBICTBOPAIOIAs YCIOBH-
am (2.51) nnnm (2.52), obnapaer HauMmeHbllIed (B HEKOTOPOM CMBICIIE) KpPH-
BU3HOI Ccpe/in BCexX JIBAK/IbI HenpepoiBio auddepentmpyemoix hyHKImii Ha
OTpE3Ke |Tg,Lyn| € 3a/AHHBIMM 3HAYCHUIAMHU B Y3J1aX HHTEPIOJSIIIMA, Y/I0B-
JETBOPSIOUIUX yeIoBUAM (2.51) unu (2.52). A umenno,

(S ()] da < | [f" ()] da

rQ I

st Beex f () w3 ykasannoro kinacca QyHKIHIA.



7. OyHKUHH ABYX HepeMeHHbIX. /[0 cuMX mop mbl paccmarpuBaiyd WH-
Teproauposanue Gyukimit oaHoNH HesasucuMoil nepemennoit y = f(x). Ha
MPAKTHUKE BO3ZHUKACT TAKKE HEOOXOAUMOCTE MOCTPOEHHA HHTEPITOIALIHOHHBIX
dbopmyit s GYHKIKMI HECKOILKUX MepeMeHHbIX. JI1st MpoCTOThH Orpanny M-
cst (pynkipeit 1Byx nepemennpix z = f(x, y). [lycTs ee 3nadenus 3a1ansl na
MHOMKECTBE PABHOOTCTOSAMX Y3108 (x5, y;) (4,7 = 0,1,2). Beenem obosna-
ueHnst zj; = f(xi,y;), h1 = Tit1 — @i, ha = yj+1 — ;.

[TocTpoum Muorounen, anaJoridyielii Muorouneny Herotona juis ciyuas
OJIHOM MEPEMEHHOM. 3/1eCh HY/KHO BLIYMCIATE PA3HOCTH ABYX BU10B — 10 HA-
MPaBACHUIM & U Y. ITH YacmHble PA3HOCTH TIEPBOTO MOPSJIKA OMPEACIAIOTCS
dhopmynamu

5x3ij — Zi41,9 — “ij

v Dyzij = zi j41 — 24

7
JanuuieM TaKKe BhIPAKESHUS /U YaCTHBIX PA3HOCTEH BTOPOTO MOPSIJIKA:
2 . . . . .
&Ixzi_? — Zi42,5 — QZH‘LJ T Zij,
&2 . — — .. + oz
Zij — Zi,j+2 Zid+1 T Zijs

AZyzi; = (zis15+1 — Zig1) — (2i41,5 — 2ij).



H[ITEpI’I(L’]H[H’IU[I[II;:]FI MHOT'OYJICH BTUpUFI CTCIICHH MOMIO 34ITMCAThL B BUJC

(._L y}—zgn—l— .& EDQ—Fy yﬂ.& zl]'l__}"_
hl hg
L — L JL — L L — .
-+ ( [éh(% 1) &irzm + ( }? }(i yﬂ &Ey Zpo T

1 (y —vo)(y — 1) &‘3

OR2

Moo TakKe MOCTPOUTDL JAuHelHyIo uHmepnoaayuonnyio gopvyiy. I'eo-
METPHYECKH ITO O3HAYAET, 4TO HYKHO HAHTH YPaBHEHHE TUIOCKOCTH, MPO-
XOASLIEH Yepes TPU 3a/1aHHbIE TOUKH (;ﬂi,yi,zi), (e =1, 2, 3). rne z; =
— f(&ayi) M3 kypca anaauTHuecKol reoOMeTpH H3BECTHO, YTO YpaBHEHHE
MIOCKOCTH, MPOXOAsLIEH uepes TPU TOUKH, MOMKHO 3allicarTh B BH/IC

r—ry Yy—y z— 2]
r2 —x1 Y2—y1 z2— x| =0.
I3 — &1 Y3 — Y1 23— 21



Bonpoc 3

MeToAbl pewuieHna 3a8au4
annpokcMmaumm nytem noabopa
aMnUupuyeckux popmyn



Iox0op smnupudeckux popmy..

Xapaxmep onvtmHbIX OAGHHDIX.

B ciayuae oOpadoOTKH ONBITHBIX JAHHBIX, MOJYYEHHBIX B pe3yjbTare
HAOMIOICHUIT WM M3MEPEHMI, HYKHO HUMETh B BWIY OWMUOKU HTHUX J1aH-
HbIX. OHM MOTYT ObITH BbI3BaHBI HECOBEPUICHCTBOM H3MEPHUTECIBLHOIO MpPH-
Oopa, CYOLEKTUBHLIMHM IMPUUUHAMHU, PA3JIMUHBIMHU ClIyHYalHbIMU (hakTOpaMu
U T. A. OmnOKH IKCNEPUMEHTANLHBIX JIAHHBIX MOKHO YCJIOBHO pa3zOuTh Ha
TPH KaTErOPHUH 10 UX MPOUCXOKACHHUIO U BEJIMUHHE: CUCTEMATHYECKHE, CIly-
yailHble U rpyobIe.

Cucremarnueckue olMOKN 0OBIYHO JAAI0T OTKJIOHEHHE B O/IHY CTOPOHY OT
MCTUHHOIO 3HAYCHUSI U3MepsieMOil BeIMYuHbL. OHM MOTYT OBIThH MOCTOSIHHbI-
MH MJIH 3aKOHOMEPHO U3MEHSITLCS MPH IMOBTOPEHUH OMNBITA, U UX MPUYHUHA H
xapakrep u3BecTHbl. CHCTEMATHYECKHE OLIHOKHM MOTYT ObITh BbI3BaHbl YCI10-
BUSIMH HKCIIEPUMEHTA (BJIAKHOCTBIO, TEMIICPATY POl Cpe/ibl 1 J1p.), Ae(heKTOM

M3MEPHUTEILHOTO npudopa, ero mjioxol peryjmpoBKoi (Hanmpumep, cMmelle-
HHUEM yKa3aTeJbHOH CTPEJIKH OT HYJECBOTO MOJOKEHHS) U T. 1. DTH OLIHOKH
MOKHO YCTPAHUTb HAJIAJIKOM anmapaTypbl WM BBEJICHUEM COOTBETCTBYIOLIMX
MOTPABOK.



Cnyuaiinpie OIMOKN OTIpeAensoTes O0NbIINM YHCIIOM (PAKTOPOB, KOTO-
pbI€ HE MOT'YT OBITh YCTPAHEHBI JIMO0 JOCTATOYHO TOYHO YUTEHBI ITPU U3Mepe-
HUSIX WK [Ipu 00paboTKe pe3yabTatoB. OHM UMEIOT ClIyHalHbIM (HecucTeMa-
THUYECKHI ) XapaKTep, 1al0T OTKJIOHEHHU S OT CpeiHel BeTHYHHBI B TY H JIPYTYIO
CTOPOHBI IPHU MOBTOPEHUH U3MEPEHHUM M HE MOIYT OBITh YCTPAHEHBI B JKC-
nepuMenTe, Kak Obl TUIATEALHO OH HU npoBoauics. C BeposSITHOCTHON TOYKH
3peHUsA MAaTEMATHYECKOE OKH/IaHNe CaaydaliHol omnOKy pasno nynwo. Craru-
cTUUecKas 00padOTKa IKCIEPUMEHTAILHBIX JAHHLIX [MO3BOJISIET OIPEIEINTD
BEUYNUHY CAYUYAHHON OMOKK U JOBECTH €€ /10 HEKOTOPOTO MPUEMIIEMOTO
3HAYEHUS TTOBTOPEHUEM U3MEPEeHUH J0CTAaTOUHOE YHUCIIO0 pas.

[ pyObie OIMOKH SIBHO MCKAXKAIOT PE3YyAbLTAT U3MEPEHUs; OHU YPE3MEPHO
OoJblIe U 00OBIYHO NPONAaaloT NpH NOBTOPEeHUH onbita. ' py0dblie omndKN
CYLIECTBEHHO BBIXOJAT 3a Npeaesibl CIYyUYalHOH OMNMOKH, MOJYUYEHHBIE MPH
crarucTudeckoi obpaborke. Mimepenust ¢ Takumu omudOKaMu oTOpacbiBa-
IOTCS U B pacyer NpH OKOHYATelbHOH 00pabdoTKe pes3yibTaToOB H3MepeHHi
HE MPUHUMAIOTCS.



2. Ovnupuueckue popmyabl. Ilyeth, n3yuas Hen3BecTHYIO (DYHKIITHO-
HATBHVIO 3aBUCUMOCTb MEK/IY 4 U T, Mbl B PE3V/ILTATE CEPUH IKCTIEPUMEHTOR
MPOM3BEIN PSIJI U3MEPEHUN ITHX BEJIWYHUH M MOJYUWIM TaOIMIly 3HaueHUH

L0

L1

Ln

Yo

U1

Un

Jaj1aga COCTOMUT B TOM, yTOOBI HAHTH l'Ip[fIGﬂ[fI}HE[I[I_‘y’[{} 3ABUCHMOCTDL

SHAYCH A [{{}T{}p{}ﬁ [npu .r

y = f(x),

r; (1

(2.59)

0,1,...,n) Majg0 OTAHYAIOTCH OT

OTLITHBLIX JTAHHBIX ¥; . [Ipubnukennas GpyHKIMOHAIbHAS 3aBUCUMOCTD (2.59),
[IOJIYHEeHHAsl HA OCHOBAHWM IKCIEPHUMEHTAbHBIX JTaHHBIX, HA3ZBIBACTCS MU -

pUueckol ghopMmyiol.

[TocTpoenue smmupugeckoii GopMyIibl COCTOUT U3 JABYX ITANOB: MOA00pa
o0uiero Buaa 3Toi popmynbl 1 onpeaenenus HauIydIluX 3HaueHuil cojiep-
amuxes B Hell nmapametpon. OO0muii Bua Gopmylibl MHOIIA H3BECTEH U3
dusndecknx coobpakennii. Hanpumep, s ynpyroil cpe/ibl CBsIi3b MEHKTY
HATIPSKEHUEM 0 M OTHOCHTENbHON jAedopmalineil £ onpeaensercs 3aKoOHOM
['yvka: ¢ = FEe, e E — moayns ynpyrocTt; 3ajgada CBOJUTCS K OIpe-

ACITCHHIO OJJHOIO HCH3BCCTHOTO 1TAPdMCTPd E



3. Onpenenenne napaMerpoB IMOHPHUYECKON 3aBUCHMOCTH. bynewm
CUMTATh, YTO THIT IMITNPUUECKO (DOPMYITbLI BLIOpAH, U €€ MOKHO MPE/ICTABUTD
B BUJIE

y = @(r,a0,a1,...,0n), (2.63)

rae ¢ — u3BecTHas QYyHKIUUS, ag, ], ..., 04y — HEHM3BECTHLIE MOCTOAHHLIE
napaMeTpsl. 3a/1a49a COCTOUT B TOM, UTOOBI ONPE/ICAUTL TAKME 3HAYCHUA ITHX
[mapamMeTpoB, MPH KOTOPBLIX IMIOUpHYecKas Gopmyia aaer xopoliee npudii-
JKEHUE JIAaHHON (YHKIMHK, 3HAYSHUS KOTOPOM B TOUKaX x; PaBHBI ¥; (1 =

=0,1,...,n).

Kak yike orMeuanoch BBILIE, 3/1€Ch HEe CTABUTCS YCIOBHE (Kak B cliydae
MHTEPITOALNHA ) COBNAJICHNS ONBITHBIX JaHHBIX ¥; CO 3HAYEHUAMH IMITUPH-
yeckoil pyuknum (2.63) B Toukax r;. PaznocTh Mek1y ITUMH 3HAYCHUSIMU
(oTksIoHenus ) 0003HaunuM vepes £;. Torna

Eq :t}?(l{:i,{lﬂ,{llji.*,ﬂm)_yig 1.2031._.“.,?1. (264)

Janaga Haxowk IeH U HAMJIVHIINX 3HAYCHH 1 mapaMeTpoB ap, a1, ...,y CBO-
JAUTCH K [IE[{(}TDPDFI MHHHMHIAIIHH OTKJIOHEHHH Eq. C}"L[J;ECTB}"ET HCCKOJ/IBKO
CIIOCo0OB PCLICHIA ITOH 3a/1a4 M.



[TpocTenmmnm 13 nux sBasieTcs wemod eblopannbix movex. O coOCTOUT
B ciaeayrouieM. 1o 3aganneiM dKCNIepUMEHTalIbHBIM 3HAYSHUAM HA KOOPAU-
nataoii miockoctn QXY wanocures cucrema TodeK. 3arem MPOBOJIMTCS
NpoCTEeHLIas njaBHas JduHus (HanpuMep, npsamas), Kotopas nanbdosee Onns-
KO MPUMBIKAET K JaHHLIM TOUKam. Ha »Tol nuHuu BeIOMPAIOTCA TOUKH, KO-
TOpbIE, BOOOIIE TOBOPS, HE MPUHAISKAT UCXOMHOM cucTemMe Toduek. Hucro
BLIOPAHHBIX TOUYEK JIOJIZKHO OBITh PABHBIM KOJIMYECTBY HUCKOMBIX ITAPAMETPOB
IMIOMPUUECKON 3aBUCUMOCTH. KOOPAMHATHI 93TUX TOYEK (;E?,g?) THIATEILHO
M3MEPSIIOTCS M UCTIOJIB3YIOTCS JUISE 3alMCH VCIJIOBUS ITPOXOIeHus rpaduka
ymnupuaeckoil pynkunn (2.63) uepes BLIOpaHHbIC TOUKN:

_ 0 _ .0 . g
p(T5,a0,a1,...,a,)=y;, j=01,...,m. (2.65)

M3 sTol cucrtembl YpaBHEHUMH HAXOSITCA 3HAUYCHUS MTAPAMETPOB ag, A1, . . .

.i.fam.



- - - -

Pacemorpum enie oauH crocod onpesesieHus mnapaMeTpoB IMIIMpHUEC-
KOl hopMyIIbl — Memood cpedntx. OH COCTOUT B TOM, UTO MapaMeTphl dag,
A1, « .., Ay 3aBUCHUMOCTH (2.63) onpenensiorcs ¢ UCTOIb30BAHUEM YCIIOBHS
pPaBeHCTBA HYJIK CYMMBI OTKJIOHEeHUH (2.64) BO BCeX TOUKaxX &;:

Tt

£; = o(x;.ap, a1, ... Q) —1y;| = 0. 2.67
Z i Z[‘P( 1 0y 41 4 s L yi] ': )

1=0 1=0

[Tonyuennoe ypaBnenue ciayuT /11 ONpeIe/IeHus IapaMeTpPoB ag, a1, - . .
evy Oy . FICHO, UTO W3 OHOTO YPABHEHHUSI HEJL3S1 OHO3HAYHO ONPEICINTh
Bce m + 1 mapamerpon. OIHAKO, MOCKOJILKY JAPYTHX VCIOBUH HET, PABCH-
cTBO (2.67) nyTeM IrpyHInUupoOBKH OTKIOHEHMHU £;, pa30OuBaercs Ha CUCTEMY,
cocrosmyio u3 m + 1 ypasuenwnii. Hanpuwmep,

co+e1+e2=0,
E'3—|—E'4—|—E5—|—EE;:D,

En—1 T & = 0.

Peinas ATY CHCTCMY }’pﬂB[IE[IHFI._ MOZKHO HAUTH HEU3BECTHLIC [MApPaMCT PbI.



4. Meron HAMMEHBIIHX KBaJApPaTtoB. 3anvuiieM CYMMY KBajJApaTroB OT-
KI1oHeHUH (2.64) 115 BeeX TOUCK T, L1, ..., ELp:

Tt T
2 _ 2
S = E gf = E o(xi,a0,a1, ..., am) — il (2.69)
i=0 i=0
[lapameTpn! ag, ai,. .., a, vnupudeckoit hopmynn (2.63) OyieM HAXOIUTD

n3 yeaosust munnmyma Gynkuun S = S(ag,ai,...,a,). B 31oM coctout
MEMOO HAUMEHBUUX KBADPAMOE.

B Teoprun BepoaTHOCTEH JIOKA3LIBASTCS, YTO MMOJYUEHHBIC TAKUM METO10M
3HAYCHUS apaMeTpoB Hanubonee BepOATHBI, €ClIU OTKIOHEHUS! £; TOJIUUHSI-
IOTCSI HOPMAJIBHOMY 3aKOHY pacrnpeaeicHus.

[Tockonbky 3a€ch mapamerpnl ag,ai,...,0;; BLICTYNAIOT B POJKA HE3d-
BUCHUMBIX TMEPEMEHHBIX (YHKIMK S, TO ee MUHUMYM HaliaeM, NpupaBHHBas
HYJIHO HaCTHBIE TIPOHU3BO/IHBIE 11O YTHUM MEPEMEHHbIM

aS aS ds
2o 2o ..., 2o (2.70)
dag daq I

[Tonydennble COOTHOLIEHHSI — CHCTEMAa YpaBHEHWH Ul Onpeaesie-

HUS @y @y e v v s Oy



PaccmoTpum npuMmenenne mMeTola HAUMEHLUINX KBAIPATOB 118 IIHPOKO
MCTIONB3YEMOTO Ha MPAKTUKE YaCTHOTO ciydas, Koraa (pYHKIMS @ ABISCTCS
JIMHEHHOW 10 HEU3BECTHBIM [TAPAMETPAM ag, @1, « .. 5, Ay

m
{P(iﬂ,ﬂﬂ,ﬂh S vﬂ*m) — ZGJHQJ(‘L}’
=0

7€ 00, P11y« -« s P — U3BecTHBIC (DyHKIIMKU © . Dopmyia (2.69) nns onpene-
JIEHUSI CYMMBI KBa/IDATOB OTKJIIOHEHUH S NpUMET BH/I

T

S = i: {Z ajp;(T;) — yfr-

i=0 j=0



Jlns cocrasnenns cucremsr (2.70) npoauddepentupyem S o nepemen-
neiM a (K=0,1,....m):

2

T

[IpupaBnuBas HalleHHbIE TPOU3BOAHBLIE HYIIIO, TMOJYYUM CIEAYIOLLYIO
CUCTEMY YPABHECHUN:
TrL

Z gcgc(;si){zgj{pj(;si) —yi} =0, k=0.1,...,m. (2.71)
j=0

1=0



Cuctema (2.71) aBasieTca CUCTEMON TUHEHHBIX anreOpandecKkux ypaBHe-
HHH, €€ MOMKHO 3aI1MCaTh B HATTISIAHOM BEKTOPHO-MATPUYHOM Buje (em. 171, 4).
JInsa 9TOro BBe/eM BEKTOPBI ONBITHBIX JAHHBIX ¥ W HEU3BECTHBLIX ITapamer-
poB a,a takike marpury P crieayiommm odpazom

vo ED volzg) e1(zo) ... @mlwo)
y: yl a—= ! . (I}: {fgﬂ(;{:l) {f'-"‘l(%-[:]_) ‘e fpm(._{f]_)
y.n a;n Yo (I‘E”) ¥1 (‘Ln) coe Pm ('LEn)

3/1ech BEKTOpPBI ¥ 1 a umeloT pasmepuoctu n+1 n m 41 coorsercTenno,
a marpuia © umeer pasmeprocts (n + 1) x (m + 1). Jlng ee anementos
CHpPaBE/UTMBO BbIpAKEHHUE
0ij = ().
Herpyano ybenaurnes, 4To BolpasKeHue, CToALEe B KBAAPATHLIX CKOOKax
B (2.71), siBnsiercst 7-i KoMIoHeHToi Bektopa ®a — y, a kakjpoe ypasHe-
nue (2.71) npeacrasnser coboit paBeHCTBO HYITIO k- KOMITOHEHTHI BEKTO-

pa ®'(Pa —y), rne ®' — rpancnonuposannas marpuia. Takum o6pasom,
cuctemy (2.71) MOXKHO 3anUcaTb B BUJIE

d'(Pa—y)=0
MJTH . .

(P d)a=>"y. (2.72)

Marpuiia 51oii cuctemsl @' ® numeer pasmepnocrs (m + 1) x (m + 1), Bek-
TOP & SIBIACTCS HCKOMBIM.



S. Jlokanbnoe criaxuBanme aanubiX. Kak ormedanocs B 1. |, onbiT-
Hbl€ JAHHBLIC COACPKAT CAyHalHble OLIMOKH, YTO SBJISICTCS NPUUMHOM pas-
Opoca »Tux aanueix. Bo Mmuorux ciydasx ObIiBaeT uenecoodpasno rnpoBecTu
UX ceaaxcueanie s noaydenus 0ojiee IUIaBHOIO XapakTrepa MCCaeayeMol
3aBUCUMOCTH. CyIIECTBYIOT pasjinunbie crioco0bl criaxupanus. Pacemorpum
O/IMH U3 HUX, OCHOBAHHBLIM HA METO/1€ HAMMEHLIUINX KBa/IPATOB.

[IycTe B pesyabrare HKCHOEPUMEHTAILHOIO KMCCIeA0BAHUA 3aBUCUMOC-
™ y = f(x) nonyuena tabnuua 3Hadenuii nckomoit GyHKUUHA Yo, Y1, - - .
vv s Yp B TOUKAX Lg, L1, ..., Lp. SHAYCHUS APTYMEHTA &; TPEINoNaraior-
CS1 PABHOOTCTOSILUMMHM, @ ONBITHBIC JIAHHBIE 7; — MMEIOMWKUMH OJHHAKOBYIO
TounocTsk. [Ipennonaraeres takke, 9to Gpyukumst y = f(x) na mnpon3BoIbHON
YACTH OTPE3KA Lo, Ly | MOKET OBITH TOCTATOYHO XOPOILO AMMPOKCUMHUPOBAHA
MHOTOYJIEHOM HEKOTOPOU CTEIIEHHU 770



PaccmarpuBaemplili criocod CrimakuBaHus COCTOUT B ciaeaviouiem. /Sl
HAXOKACHHUS CIJIAKECHHOIO 3HAYCHUS ; B TOUKE &; BbIOMpaem 1o ode cTopo-
Hel OT Hee k 4+ 1 spauenmue aprymMeHTa u3 uMerotinxcs B tadmuie ( k uernoe):

Lif)2s--- > Liml, Li, Tigls---, Litk/2- [To onbITHBEIM 3HAYEHUAM paccMaT-
puBaeMoil (PYHKIIMM B ATHX TOUKAX Yiok/2s -+ > Yim1s Yis Yitls -« > Yitk/2
CTPOHUM MHOTOWIEH CTEMNEHU 711 C MOMOLILIO METO/Id HAMMEHBIINX KBAJPATOB
(npu stom m < k). 3Hadenue mMoOIy4eHHOIO MHOTOYIEHA 7; B TOYKE &; W
OyaeT MCKOMBIM (CIlaxkeHHbIM) 3Hadenuem. llponece noBropseTcs ans Beex
BHYTPeHHUX TOUeK. CIIayKiBaHUE 3HAYSHHUH, PACTTOIOKEHHBIX BOTM 31 KOHIIOB
OTpe3Ka [:{:D,;ﬂn], NPOU3BOJIUTCS ¢ TOMOLILIO KPAHHHUX TOYEK.

OnplT MOKa3bIBACT, YTO CITIAKEHHBIC 3HAYEHUS ¥; , KAK NPABUIIO, C J10-
CTATOYHOH CTEINeHbIO TOYHOCTH OJM3KH K HCTHHHBLIM 3Hadenusam. Muormaa
criaaKuBanue noTopAtoT. OAHAKO 3TO MOKET NPHUBECTH K CYUICCTBEHHOMY
HCKAKEHNI0 HCTHUHHOTO XapakTepa paccMarpuBaeMoil (pyHKIIMOHAIbHOI 3a-
BHUCHUMOCTH.



llj‘]HHE,‘LEM B 3A4KJIHMEHHE HECKMWILKO d]i]}]]‘ﬂ}‘_'l JIH BBIMMHCIIEHHMH ClJ1A-
KEHHBIX 3HAYSHHH OlLITHBIX AAHHBIX HTPH PASJIMYHBIX T .rli.'

m=1:
B 1
Ui = g{yi—i +yi +Yir1), k=2,
B 1
Ui = E{yi—? + i1 +Yi +Yip1 +Yir2), k ): 4,

_ 1
Yi = ?{yi—i’. +Yi—2 +Yi1 +Yi + Yir1 + Yir2 + Yiga), k=6

m=3:
_ 1
Ui = 55 (—3yi-2 + 12051 +179; + 120541 — 3yia), k=14,
Ui = 21( 2yi—3 + 3Yi—2 + 6Yi—1 + Ty + 6¥it1 + 3Yiv2 — 2Wira), k=6,
U; = 2;1{ 21y; 4 + 14y; 3 + 39y; _o + Bdy; 1 + 59y; + By, 1+
+39y; 10 + 14y 43 — 21yi44), k=38;
m=>5:
U; = 2;1 (5y;_3 — 30y; o + THy; 1 + 131y; + T5y501 — 30y;00 + Syira),
k = 6,
U = 41@{15%—4 — 20Y;—g + 30y; 2 + 135y; 1 + 179y; + 135y, 1+

+ 30y;i+2 — 55Yi+3 + 15y;44), k=8.



KoHeu nekuuu



